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Abstract
The impact of bound states in Landauer-Bu¨ttiker scattering approach to non-
equilibrium quantum transport is investigated. We show that the noise power at fre-
quency ν is sensitive to all bound states with energies ωb satisfying |ωb| < ν. We derive
the exact expression of the bound state contribution and compare it to the one pro-
duced by the scattering states alone. The theoretical and experimental consequences
of this result are discussed.
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1 Introduction
Current fluctuations represent a fundamental characteristic feature of quantum transport in
systems away from equilibrium. These fluctuations generate noise, which besides spoiling the
signal propagation, provides [1]-[3] the experimental basis of noise spectroscopy. Combined
with the recent progress [4, 5] in the measurement techniques, such spectroscopy gives a
deeper insight [6, 7] in the mechanism of quantum transport at the microscopic level.
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Figure 1: Multi-terminal system with scattering matrix S and heat reservoirs Ri.
Some decades ago Landauer [8] proposed a powerful scattering theory framework for the
derivation of the particle current, which has been further developed by Bu¨ttiker [9]. The
Landauer-Bu¨ttiker approach goes much beyond the linear response approximation and is
the core of modern quantum transport theory. It has been successfully generalised [10]-[12]
and applied to the computation of the noise power [13]-[16] and the full counting statistics
[17]-[20].
In this paper we address a subtle question in the Landauer-Bu¨ttiker (LB) scheme, namely
the impact of bound states on the current fluctuations. To be more precise, we consider the
multi-terminal system shown in Fig. 1. Each semi-infinite lead Li is attached at infinity to
a heat reservoir Ri with (inverse) temperature βi and chemical potential µi. The interaction
between the leads is localised at their junction and is described by a unitary scattering
matrix S. The system is away from equilibrium if there are leads which communicate via
non-vanishing transmission elements of S. Our goal will be to analyse the quantum transport
in the case when the analytic structure of S implies the existence of bound states with energies
ωb. In synthesis, we will show that the current fluctuations at frequency ν are affected by
all bound states with energies |ωb| < ν. We will derive in closed and explicit form both the
scattering and bound state contributions Ps and Pb to the noise power of the system in the
LB non-equilibrium steady state. The comparison between Ps and Pb reveals the essential
role of bound states. We adopt the field theory framework of [21]-[23], which allows for a
systematic account of all bound states.
The paper is organised as follows. In section 2 we describe in detail the system we are
dealing with, focussing on the bound state contribution to the spectrum. In section 3 we
compute the connected two-point current correlation function and extract the noise powers
Ps and Pb. In section 4 we discuss the general result and illustrate the behavior of the noise
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power for some values of the parameters characterising the system. Section 5 collects our
conclusions.
2 The system
We consider systems where both the particle number and the total energy are conserved. The
particle number conservation implies that the total scattering matrix S is a direct sum of the
m-body matrices {S(m) : m = 1, 2, ...}. Since the treatment of bound states is notoriously
a hard task, we focus in what follows on the simplest non-trivial case. Namely, we assume
that S(m) = I for m > 1 and keep non-trivial only the one-body scattering matrix S(1) = S,
which describes the interaction in the junction. This assumption is justified by recalling that
the idea of freely propagating fermions along the leads accounts remarkably well [1] for the
experimental results [24]. One possible realisation of this scenario is the Schro¨dinger junction
with a point-like defect. Our previous analysis [21]-[23] shows that this system represents a
remarkable laboratory for testing general ideas about quantum transport. The study of the
bound state problem below confirms once again this statement.
The dynamics along the leads {Li : i = 1, ..., n} is fixed by the Schro¨dinger equation1(
i∂t +
1
2m
∂2x
)
ψ(t, x, i) = 0 , x ≤ 0, i = 1, ..., n , (2.1)
supplemented by the equal time canonical anticommutation relation
[ψ(t, x1, i1) , ψ
∗(t, x2, i2)]+ = δi1i2 δ(x1 − x2) , (2.2)
where ∗ stands for Hermitian conjugation. Since (2.2) reflects the completeness of the eigen-
states of the Hamiltonian, it is essential in what follows for fixing the bound state contribution
to field ψ.
The junction plays physically the role of a point-like defect. The associated interaction
determines the one-body scattering matrix S, which is fixed by requiring that the bulk
Hamiltonian −∂2x admits a self-adjoint extension in x = 0. All such extensions are defined
[25]-[26] by the boundary condition
lim
x→0−
n∑
j=1
[λ(I− U)ij + i(I+ U)ij∂x]ψ(t, x, j) = 0 , (2.3)
where I is the identity matrix, U is a generic n× n unitary matrix and λ > 0 is a parameter
with dimension of mass. Eq. (2.3) guaranties unitary time evolution and implies [25]-[26]
the scattering matrix
S(k) = − [λ(I− U)− k(I+ U)]
[λ(I− U) + k(I+ U)] , (2.4)
1We adopt the natural units ~ = c = kB = 1.
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k being the particle momentum. It is easily seen that S(k) is a meromorphic function with
poles located on the imaginary axis and different from 0. In fact, let U be the unitary matrix
diagonalising U, namely
U = U Ud U∗ , Ud = diag
(
e2iα1 , ..., e2iαn
)
, (2.5)
with −pi
2
≤ αi ≤ pi2 . Then
Sd(k) ≡ U∗S(k)U = diag
(
k + iη1
k − iη1 , ...,
k + iηn
k − iηn
)
, (2.6)
where
ηi = λ tan(αi) . (2.7)
The set P+ of poles of (2.6) in upper half-plane (0 < αi < pi2 ) collects the bound states. The
representation (2.6) implies that the n-terminal junction admits at most n different types of
bound states.
Following [27, 28], we represent the field ψ as a linear combination
ψ(t, x, i) = ψs(t, x, i) + ψb(t, x, i) , (2.8)
where ψs collects the contribution of the scattering states and ψb that of the bound states.
The scattering states read [29]
χ(k; x) =
[
e−ikx I+ eikx S∗(k)
]
, k ≥ 0 , (2.9)
and define the scattering component
ψs(t, x, i) =
n∑
j=1
∫ ∞
0
dk
2pi
e−iω(k)t χij(k; x)aj(k) , (2.10)
where ω(k) = k
2
2m
is the dispersion relation and the operators {ai(k), a∗i (k) : k ≥ 0, i =
1, ..., n} generate a standard anti-commutation relation algebra As. Using (2.10) one gets
[ψs(t, x1, i1) , ψ
∗
s (t, x2, i2)]+ = δi1i2 δ(x12) +
∫ ∞
−∞
dk
2pi
e−ikx˜12Si1i2(k) , (2.11)
where x12 ≡ x1 − x2 and x˜12 ≡ x1 + x2. In the presence of bound states (P+ 6= ∅), the
second term in the right hand side of (2.11) does not vanish, which reflects the fact that
the scattering states (2.9) are incomplete. Using the Cauchy’s integral formula and the
representation (2.6), one finds∫ ∞
−∞
dk
2pi
e−ikx˜12Si1i2(k) = −2
∑
j∈P+
Ui1jηjeηj x˜12U∗ji2 . (2.12)
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In order to compensate (2.12) and satisfy the canonical anti-commutator (2.2), we must
add new degrees of freedom describing the bound states. For this purpose we introduce the
algebra Ab generated by the fermion oscillators {bi, b∗i : i ∈ P+} satisfying
[bi1 , b
∗
i2
]+ = δi1i2 , [bi1 , bi2 ]+ = [b
∗
i1
, b∗i2 ]+ = 0 . (2.13)
Assuming that the generators of As and Ab anti-commute, we can write the bound state
component in the form
ψb(t, x, i) =
∑
j∈P+
Uije−itωb(ηj)+ηjx
√
2ηjbj (2.14)
with ωb(η) ≡ − η22m . At this point one can directly verify that the total field (2.8) indeed
satisfies (2.2).
Summarising, each bound state i ∈ P+ gives rise at the level of quantum fields to a
new degree of freedom described by the oscillator {bi, b∗i }. The above construction is fully
determined by the completeness of the Hamiltonian eigenstates and, as shown below, allows
to evaluate in a systematic way the bound state contribution to the particle current and the
noise power.
3 Current-current correlation function and noise power
with bound states
The particle current in our system has the well known form
j(t, x, i) =
i
2m
[ψ∗(∂xψ)− (∂xψ∗)ψ] (t, x, i) . (3.15)
In order to compute correlation functions of j, we must fix a representation of As and Ab.
Following the work of Landauer [8] and Bu¨ttiker [9], for the scattering component As we
take the LB representation, which adapts perfectly to the physical situation shown in Fig.
1. Referring for the details to [29], one has in this representation
〈a∗i (k)aj(p)〉 = 2piδ(k − p)δijdi[ω(k)] , (3.16)
〈aj(p)a∗i (k)〉 = 2piδ(k − p)δij{1− di[ω(k)]} , (3.17)
where di(ω) is the Fermi distribution
di(ω) =
1
1 + eβi(ω−µi)
. (3.18)
Since ψb decays exponentially for x→ −∞, where the heat reservoirs are located, we adopt
for Ab the Fock representation, where bi annihilate the vacuum and
〈bib∗j〉 = δij , 〈b∗i bj〉 = 0 . (3.19)
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The multi-particle bound states are created by acting with monomials of the type {b∗i1 · · · b∗im :
m = 1, 2, ...} on the vacuum.
In this setup the one-point current expectation value equals the well known LB result
[8, 9]
〈j(t, x, i)〉 =
n∑
j=1
∫ ∞
0
dω
2pi
[
δij − |Sij(
√
2mω)|2
]
dj(ω) . (3.20)
The bound state contribution shows up in the higher correlation functions, starting from the
connected two-point function in Li
〈j(t1, x, i)j(t2, x, i)〉conn ≡ 〈j(t1, x, i)j(t2, x, i)〉 − 〈j(t1, x, i)〉〈j(t2, x, i)〉 . (3.21)
Since the Hamiltonian of our system is a time independent self-adjoint operator, the energy
is conserved and (3.21) depends only on the time difference t12 = t1 − t2. Then the noise
power at frequency ν in Li is defined [16] by the Fourier transform
P (ν; x, i) =
∫ ∞
−∞
dt12 e
−iνt12 〈j(t1, x, i)j(t2, x, i)〉conn . (3.22)
In order to simplify the analysis of P (ν; x, i), it is instructive to represent it in the form
P (ν; x, i) = Ps(ν; x, i) + Pb(ν; x, i) , (3.23)
where Ps collects the pure scattering contribution and Pb vanishes in absence of bound states.
3.1 Scattering state contribution
We concentrate first on scattering component, which represents the finite-frequency gener-
alisation of the result of Martin, Landauer [13] and Bu¨ttiker [14]. The direct computation
using (3.16, 3.17) leads to
Ps(ν; x, i) =
1
16pim
n∑
j,l=1
∫ ∞
0
dω√
ω(ν + ω)
dj(ν + ω)L
i
jl(x; ν, ω)[1− dl(ω)] , (3.24)
with
Lijl(x; ν, ω) ≡ |χij(
√
2m(ν + ω); x) ∂xχil(
√
2mω; x)−χil(
√
2mω; x) ∂xχij(
√
2m(ν + ω); x)|2 ,
(3.25)
where χ is given by (2.9) and the bar means complex conjugation. It is instructive to consider
the zero-frequency limit
Ps(i) = lim
ν→0+
Ps(ν; x, i) , (3.26)
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which turns out to be x-independent. In the two terminal case n = 2 the limit (3.26) is in
addition i-independent2 and provides a useful check, reproducing the zero-frequency noise
power derived in [13]-[16], namely
Ps =
∫ ∞
0
dω
2pi
{
[d1(ω) + d2(ω)− d21(ω)− d22(ω)]τ 2(ω)
+[d1(ω) + d2(ω)− 2d1(ω)d2(ω)]τ(ω)[1− τ(ω)]
}
, (3.27)
where τ(ω) = |S12(
√
2mω)|2 is the transmission probability. The ω-integration in (3.24,3.27)
cannot be performed explicitly for generic values of the heat reservoir parameters. However
the integrands have no singularities3 in the integration domain and the numerical computa-
tion is straightforward. The examples in section 4 illustrate this fact.
3.2 Bound state contribution
We turn now to the bound state contribution. Using the explicit form (2.14) of ψb, after
some algebra one gets
Pb(ν; x, i) =
∑
l∈P+
n∑
j=1
θ(2mν − η2l )
2m
√
2mν − η2l
|Uil|2 ηl e2xηldj(ν − η2l /2m)M ij(x; ν, ηl) , (3.28)
where θ is the Heaviside step function4 and
M ij(x; ν, η) = |ηχij(
√
2mν − η2; x)− ∂xχij(
√
2mν − η2; x)|2 . (3.29)
Using (2.9) and introducing the combination
κl = 2mν − η2l , (3.30)
one gets
Pb(ν; x, i) =
∑
l∈P+
n∑
j=1
θ(κl)
2m
√
κl
|Uil|2 ηl e2xηldj(κl/2m)
×|(ηl − i√κl)e2ix
√
κlδji + (ηl + i
√
κl)Sji(
√
κl)|2 . (3.31)
Eq. (3.31) gives in exact and explicit form the bound state contribution Pb to the noise
power in the LB non-equilibrium steady state and represents our main result. Let us briefly
describe the key features of (3.31). We observe first of all that Pb(ν; x, i) is a nonnegative
oscillating function of ν and x, which vanishes in the limits ν →∞ and x→ −∞. Moreover,
lim
ν→0+
Pb(ν; x, i) = 0 , (3.32)
2Since, j(t, 0, 1) = −j(t, 0, 2) due to the Kirchhoff rule.
3In fact Lijl(x; ν, ω) ∼ ω +O(ω2) around ω = 0.
4Fixed by θ(0) = 1/2 at the discontinuity point.
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implying that the bound states do not affect the zero-frequency noise. Therefore, for detect-
ing a bound state l ∈ P+ one needs frequencies ν > η2l /2m = |ωb(ηl)|. Notice also that the
potential discontinuity in (3.31), due to the Heaviside function, is absent because
|(ηl − i√κl)e2ix
√
κlδji + (ηl + i
√
κl)Sji(
√
κl)|2 ∼ κl +O(κ2l ) (3.33)
around κl = 0.
In the shot noise regime β1 = · · · = βn = β →∞ one finds
lim
β→∞
Pb(ν; x, i) =
∑
l∈P+
n∑
j=1
θ(κl)θ(2mµj − κl)
2m
√
κl
|Uil|2ηl e2xηl
×|(ηl − i√κl)e2ix
√
κlδji + (ηl + i
√
κl)Sji(
√
κl)|2 .
(3.34)
Therefore the bound state l ∈ P+ contributes to the shot noise for chemical potentials
µj ≥ κl/2m.
Let us clarify finally the role of the factor |Uil|2 in (3.31). From the unitarity constraint
∑
l∈P+
|Uil|2 ≤
n∑
l=1
|Uil|2 = 1 , (3.35)
one infers that |Uil|2 ∈ [0, 1]. Therefore |Uil|2 can be interpreted as a weight factor, which
measures the contribution of the bound state l ∈ P+ to the particle current in the lead Li for
different choices of the matrix U in the boundary condition (2.3). It is instructive to consider
the following two limiting cases. For generic U one has |Uil|2 6= 0 for all l ∈ P+, implying that
all bound states contribute to the current in Li. For diagonal U one has instead |Uil|2 = δil,
showing that only the bound state i ∈ P+, if it exists, contributes to the current in the lead
Li.
To summarise, we derived the bound state contribution to the noise power of the Schro¨dinger
junction, showing that the frequency ν is the appropriate control parameter for bound state
spectroscopy. In fact, by increasing the value of ν one can identify one after the other all
bound states of the system. We will illustrate this remarkable feature by some examples in
the next section.
4 Comparison between Ps and Pb
We describe now the impact of bound states on the noise power. From the unitarity of S
one infers that
|(ηl − i√κl)e2ix
√
κlδji + (ηl + i
√
κl)Sji(
√
κl)|2 ≤ 4mν . (4.36)
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Inserting (4.36) in (3.31) an using the unitarity of U one finds the upper bound
Pb(ν; x, i) ≤ 2ν
∑
l∈P+
n∑
j=1
θ(κl)√
κl
ηl e
2xηldj(κl/2m) . (4.37)
The estimate (4.37) holds for any lead Li and shows that the effect of the bound states
decays exponentially with the distance from the junction. This is a simple consequence of
the form of the bound state wave functions manifest in (2.14). It turns out that close to the
junction the bound state noise power Pb can dominate the scattering contribution Ps. In
order to illustrate this feature we consider the two-lead junction (n = 2). In this case the
most general scattering matrix is generated by substituting
U =
(
eiϕ cos(θ/2) sin(θ/2)
− sin(θ/2) e−iϕ cos(θ/2)
)
, (4.38)
in (2.6) and has the form
S(k) =
(
k2+ik(η1−η2) cos(θ)+η1η2
(k−iη1)(k−iη2)
−ieiϕk(η1−η2) sin(θ)
(k−iη1)(k−iη2)
−ie−iϕk(η1−η2) sin(θ)
(k−iη1)(k−iη2)
k2−ik(η1−η2) cos(θ)+η1η2
(k−iη1)(k−iη2)
)
, (4.39)
where ϕ and θ are arbitrary angles. We assume for illustration that two bound states η1 = 2
and η2 = 4 (in units of mass m) are present and take θ = 2pi/3 and ϕ = pi/4. Finally, fixing
the heat reservoir parameters {β1 = 1, β2 = 2, µ1 = 2, µ2 = 3} and setting m = 1, we get
the plot in Fig.2, which indeed shows that Pb exceeds Ps at small x.
Figure 2: x-dependence of Pb and Ps at ν = 3.
The frequency behavior is much more interesting. Using the same heat bath parameters
and angles as before, we obtain the plot displayed in Fig. 3. We observe first that the bound
state contribution is essential and dominating in certain frequency ranges. Second, there are
discontinuities in the ν-derivative of Pb at ν = η
2
l /2m, which clearly mark the bound states
and are followed by characteristic resonant-like peaks. As already mentioned, this behavior
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Figure 3: ν-dependence of Pb and Ps at x = −1.
Figure 4: ν-dependence of P = Pb + Ps at x = −1.
represents an attractive tool for bound state spectroscopy. In a finite-frequency experimental
setup [30] one is usually not able to separate Pb from the total noise power P = Ps+Pb. For
this reason we report in Fig. 4 the plot of P , showing that the imprint of the bound states
at ν = 2 and ν = 8 is clearly visible in that case as well.
Summarising, we have shown that bound states have relevant and specific impact on
both the x and ν-dependence of the finite-frequency noise power and thus provide interesting
experimental signatures.
5 Outlook and Conclusions
The main scope of this paper was to investigate the role of bound states in the Landauer-
Bu¨ttiker scattering approach to non-equilibrium quantum transport. For this purpose we
considered a simple but nontrivial exactly solvable system, namely the Schro¨dinger junction
with a point-like defect. In this case the total spectrum of the Hamiltonian is fully under
control and one can determine exactly the scattering and bound state components Ps and
Pb of the finite-frequency noise power P = Ps + Pb. We established the basic properties of
Ps and Pb and showed that the frequency dependence of P provides a precise picture of the
9
bound state structure of the system. This result finds a direct application to bound state
spectroscopy.
The above framework extends in a straightforward way to the heat current and the rela-
tive noise power. Moreover, it can be adopted for the study of the bound state contribution
to the higher current cumulants. It will be interesting in this respect to investigate the
impact of bound states on the probability distribution, generating these cumulants. The
extension of the above approach to systems involving Majorana bound states, which attract
recently some attention [31]-[33], is also a challenging open problem.
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